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| 1. Introduction - Then our initial state can be written as a sum of the stationary state and another component (| ysr))
which will change during the evolution,
I Y _— -
Finding a marked vertex in a graph can be a complicated task when using guantum walks. Recent results a | o ~ Wsr) )
show that for two or more adjacent marked vertices search by quantum walk with Grover's coin may ¥(0)) = [Ysr) Z (cij — Dali, j) | ' NST/ |
: : Fora =1/v2m 1,54, | _—— -
have no speed-up over classical exhaustive search. I '§~i
In this work, we analyze the probability of finding a marked vertex for a set of connected components of Lo |
marked vertices. We pr.ove two upper bounds on the probability of finding a marked vertex and sketch The probability of finding a marked vertex is maximized when the amplitudes in the changing part will
further research directions. be distributed over the marked vertices only.

k Coined Quantum Walk - [Ourtaskistomaximize F 2
pM:z z (a+a)2+z(cija+aij)

We consider the coined quantum walk with evolution operator: leM Jej‘i\lM ]ﬁl\f
U=S.C
where C is the coin operator given by Grover’s diffusion operator and S is the flip-flop shift. 5
Z 2 a’ + Z a;i? | = llWnst)] <[Subject to }
For searching, we add a query operator, @, which flips the sign of the marked vertices, that is, ieM \ jeVAM JEM
U'=5.C.Q I~ I~
The initial state is the equal superposition over all vertex-direction pairs: Then, we obtain that, for any number of steps t,
n-1dy,-1
N N
1P (0)) = iz z v, ¢) 2 , _ JEM is the set of edges
Zm L L Pm = — Z cij +2DM +2|Ey| | _ between marked vertices and
Where n is the number of vertices, m is the number of edges and d,, is the degree of vertex v. LiEM \DM =Yieu d%"’_
m is the number of edges\/ = )
. . ) of the graph. J
2. Exceptional configurations

K General CondiciciE - k Generalizing for multiple marked components -

Consider we have a disjoint set of k marked connected components M = {M; U M, U - U M, }. Let Ey,

A state |y) with the following properties is a stationary state of the quantum search algorithm, that is, v
U'ly) =y): be the set of edges with endpoints belonging to the marked component M; and let d; ! be the number

of edges from the vertex i to vertices in V\M;. Then, it follows that

1. All amplitudes of unmarked 2. The sum of the amplitudes 3. The amplitudes of two
vertices are equal. of any marked vertex is O. adjacent vertices pointing to 4 K I
each other are equal. 2 2 o \( __ —
bm Saz Z cjj+2D l+2|EMz| S where DM =ZiEMd£VIl
=1\ i,jeM,; \
N ! Y

For example, if we consider a d-regular graph with a

set of marked vertices which consist of k pairs of 4
adjacent marked vertices (i.e.|M;| = |M,| = -+ =
|M,.| = 2). Then, the probability of finding a marked d— 1<

: kd?
vertex, for any number of steps ¢, is O (7) Note

that DMt = 2(d — 1) and |Ey, | = 1 forall = A\

KAn example of the application of the evolution operator U’ = S. C. Q to a cycle of 5 vertices \ 1,... k.

with two marked vertices (M = {3,4}). Labels on edges represent directional amplitudes of a

vertex. | ) )

The state on the left side is a stationary state. The amplitudes of marked vertices pointing to 4. A PP lications

each other are equal to —a, all other amplitudes are equal to a. In this case, the application of

the query operator (Q) and the coin operator (C) will flip the sign of amplitudes in the marked We consider the problem of deciding if a bipartite graph G = (V, E) has a perfect matching. It is known
Qertices. / that the bipartite matching problem can be treated as a network flow problem. Using this fact, we claim

that if a bipartite graph has a perfect matching then its configuration of marked vertices embedded in
the 2D-grid forms a stationary state. A sketch of the algorithm is below.

Let G = (V, E) be a graph with a connected set of marked vertices M. According to Ref. [6], the
existence of a stationary state depends on whether a marked connected component is bipartite or not,

. Algorithm:
that s, v A 1. Embed the bipartit h into a 2D-grid and set it
M . Embe e bipartite graph into a 2D-grid and set its
/ . . | . d;" is the number of e e
A bipartite marked connected component has a stationary state if and edges from the vertex verti '
only if the sums of d;’ for each bipartite set are equal. i to vertices in V\M. o i W GBI el jer & tlme steps
< 3. Measurement of the vertex register:

\\ (di =d;” +di") / If the vertex is not marked, we have a matching.

A non-bipartite marked connected component always has a stationary Otherw don’t h tchi
erwise, we don’t have a matching.

Qtate. /

s
This bipartite marked component of ﬁpleof embedding }
vertices (in red) has a stationary state. O
Note that d = 2,d) = 3 and d! = 1. |
\_ 5. Final Remarks -
We have seen that a placement of marked vertices on a graph can form a stationary state. However,
. having a stationary state does not automatically mean that the quantum search will not be able to find a
3. Bounds on the pro babil Ity - marked vertex faster than classically. That is why we need to understand how the probability of finding a

marked vertex behaves during the evolution. We proved that the probability is upper bounded by a
function on the amplitudes of the stationary state and on the structure of the marked components.

It is still an open problem to find which stationary state gives the minimum probability to find a marked
vertex. In this way, we can obtain a tighter bound on the probability. Another interesting question, is
whether we can find applications for the exceptional configurations.

Suppose we have a graph with a marked connected
component satisfying the aforementioned conditions.
It has a stationary state

W= ) alij)+ D (e - Dali))

I,JEV i,jJEM ‘
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