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Fromulation of the problem

Random unitary circuits

We consider N qubits, and apply k steps of a random circuit.

@ Uniform random circuit: in each step two indices i # j are chosen
at random from {1,..., N} and a two-qubit unitary gate U;; drawn
from the Haar measure on U(4) is applied to qubits i and ;.

o Local random circuit: in each step of the walk an index i is chosen

at random from {1,..., N} and a two-qubit gate U; ;11 drawn from
the Haar measure on U(4) is applied to the two neighbouring qubits
iand i+ 1.
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at random from {1,..., N} and a two-qubit gate U; ;11 drawn from
the Haar measure on U(4) is applied to the two neighbouring qubits
iand i+ 1.

Problems
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We consider N qubits, and apply k steps of a random circuit.

@ Uniform random circuit: in each step two indices i # j are chosen
at random from {1,..., N} and a two-qubit unitary gate U;; drawn
from the Haar measure on U(4) is applied to qubits i and ;.

o Local random circuit: in each step of the walk an index i is chosen

at random from {1,..., N} and a two-qubit gate U; ;11 drawn from
the Haar measure on U(4) is applied to the two neighbouring qubits
iand i+ 1.

Problems
o How well a random circuit can mimic a random global unitary? (i.e.
how fast the related random walk converges to Haar measure)
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o How well a random circuit can mimic "twirling” [ U ® U(-)Ut ® UT?
(i.e. how fast the random walk converges to so-called 2-design)
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Fromulation of the problem

Random unitary circuits

We consider N qubits, and apply k steps of a random circuit.

@ Uniform random circuit: in each step two indices i # j are chosen
at random from {1,..., N} and a two-qubit unitary gate U;; drawn
from the Haar measure on U(4) is applied to qubits i and ;.

o Local random circuit: in each step of the walk an index i is chosen

at random from {1,..., N} and a two-qubit gate U; ;11 drawn from
the Haar measure on U(4) is applied to the two neighbouring qubits
iand i+ 1.

Problems

o How well a random circuit can mimic a random global unitary? (i.e.
how fast the related random walk converges to Haar measure)

o How well a random circuit can mimic "twirling” [ U ® U(-)Ut ® UT?
(i.e. how fast the random walk converges to so-called 2-design)

@ More generally: how fast a converges to a t-design?
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Fromulation of the problem

Previous results

@ Random quantum circuit is an approxiamte 2-design:
cN Iog% steps provides e-approximate 2-design (Harrow and Low,
2009)

@ Equivalence between the convergence rate of random circuits and
evaluating a gap in a multilevel version of Lipkin-Meshkov-Glick
Hamiltonian (Znidaric 2007)

@ Evidence that c(t)NIog% steps provides e-approximate t-design
(Znidaric - numerical, Brown & Viola - based on an ansatz)

Note that even for t = 3 there was no proof of item 3.
@ The issue of convergence to Haar measure was not considered at all.
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Reduction to the problem of a gap of local Hamiltonian

Approximate t-design

(Approximate unitary t-design) Let {y, U} be an ensemble of unitary
operators from U(d). Define

Gut(p) = Ut p(UT)®tu(dU)

and
Grve(o) = / U (U2 p(dU),
U(d)

where py is the Haar measure. Then the ensemble is a e-approximate
unitary t-design if

1Gu,t = Gh,e

22 X E.
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Reduction to the problem of a gap of local Hamiltonian

From superoperators to operators

For G and G defined as

G(X)=> AXBl, G=) A®B,

we have

1G]l2—2 = [ Glloo-

| A

Definition
Let {u(dU), U} be the distribution of unitaries after one step of the
random walk. Then k steps of random circuit constitutes e-approximate
t-design if

HGu*k,t - GMH7t||00 Se

where p*k is distribution over unitaries after k steps of the walk, and




Reduction to the problem of a gap of local Hamiltonian

Convergence rate is given by A,

We have
||Gu*k,t - GMH,tHoo < )\é

where )\, is second largest eigenvalue of G,, ;. Moreover the largest
eigenvalue \y of G, ; is equal to 1, and the corresponding eigenprojector

is equal to Gy, ;.

Thus the problem reduces to analysis of spectral gap of the operator G, +

Problem
@ How A, depends on number of qubits N and the degree of design t?
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Reduction to the problem of a gap of local Hamiltonian

Relation with the gap of local Hamiltonian

We can write G, ; = % Z,N:_ll Pii+1 where the P; ;i1 are projectors given
by

—®
Piit1 = /U(4) “H(dU)Ui?iil ® Uiv"t+1'

Now we consider a Hamiltonian
N
H= E hiivi, hijiq1=1—-Pii1
i=1

so that H = N(/ — G), and thus
Gap(H) = N(1 — X2(G))
The Hamiltonian effectively acts on the following space:
Heor = HEN

where H is spanned by vectors corresponding to swap operators V. with
7 € S; being permutations of t systems. Thus dim(H) < t!.
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Reduction to the problem of a gap of local Hamiltonian

Using Knabe estimate

(Knabe)
mGap(Hp,) — 1

>
Gap(H) 1

where H,, is the Hamiltonian restricted to m + 1 sites: H,, = 271:1 hi i1

If Gap(Hm) > 1/m for some m then H has a constant gap and thus
@ )\, is given by

Aa=1-c/N

where c is constant which may depend only on t.
o AncN Iog(%)—size circuit is e-approximate t-design.
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Reduction to the problem of a gap of local Hamiltonian

Gap fort=2and t =3 (F. Brandao and M.H., arXiv:1010.3654)

For t = 2 and t = 3 we have evaluated symbolically the eigenvalues of G
for m+ 1 = 3 sites,
Pio®@B+h®Ps3

To this end, we note that
Pio= Z |Rs(12)><Rs(l2)|

where R§12) is an orthonormal basis spanned by Vélz)

t systems, and ¢ € S; are permutations.

which are swaps on

12) Zbkﬂ' 7r1®v7r2

% = Z ka( V7r,1
= Z ka( V7r,2-
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Reduction to the problem of a gap of local Hamiltonian

Gapfort=2and t =3

P12 = Z |RID) (R
s

with
Ri-72 = Z rs(f(u) Rs ® R,_,

s,u

where the coefficients rs(lL) form a matrix given by
r(k) _ (B—l)TA(k)B—l

with B defined as the matrix with entries by and A(K) the diagonal
matrices 0
AU :5ijbki~
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Reduction to the problem of a gap of local Hamiltonian

Gapfort=2and t =3

2-design
@ we have two swaps S and A
11
o orthonormal basis is obtained with a matrix B = [ 33 ]
2 2
@ the two orhtonormal vectors R§12) and RE‘H) are:
0 00O a 0 0 +Vap
r(l)zl 0110 r(z)zl 0 00 O
210 1 1 0|’ 2 0 00 O
0 0 0O vag 0 0 f
with o = 5,6 %
o Eigenvalues are (0,0, 3,3, Z, %,2,2)
@ The gap is Gap = % and thus A, =
= %Nlog %—size random quantum circuit is e-approximate 2-design.
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Reduction to the problem of a gap of local Hamiltonian

Arbitrary t

The Hamiltonian is frustration-free Hamiltonian, with a very simple
ground state of the form |V )®N. We can use results of Bruno
Nachtergaele (1995), and obtain that

Proposition

Gap(Hn) > %Gap(H,) for | = [2tlogt+ 8]

| A\

Implications

@ Our Hamiltonian has a constant gap (depending only on degree t of
design but not on the number of qubits N)
= X < £(1— (1))
= c(t)Nlog %-size random quantum circuit is e-approximate t-design

Open issue

| \

How c(t) scales with t? = need to know how Gap(Hog+) scales
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Convergence to Haar measure

Convergence of walk on a matric space

Distance between probability distribution on a metric space

IIM—Vllzsgpl/duf—/dvfl

where the supremum is taken over all 1-Lipschitz functions f.

| A

Our goal
Our space is U(2") with a Hilbert-Schmidt metric, and we would like to
get

1 — pnl] <
where p is our random walk induced by random quantum circuits, and
ey is Haar measure.
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Convergence to Haar measure

Convergence of measures v.s. approximating t-designs

Recall that we consider unitaries on n qubits and
@ X(t) shows how a random circuit converges to t-design

@ 1) shows how a random circuit converges to Haar measure (hence
does not depend on t)

For any t the convergence of a quantum circuit to a t-design is no slower
than the convergence of the walk to the Haar measure

Xo(t) <7

(F. Brandao & MH, in preparation)
1

nn

Si=

| = pull <n* with  n=~(1-

o
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Convergence to Haar measure

Implications for approximating t-designs

tlog t*'°8t N log L-size circuit is an e-approximate t-design

This means that for t = % a polynomial time random circuit is an
. ) og log
approximate t-design.
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Convergence to Haar measure - outline of proof

Path coupling method

(R. Oliveira, 2007) Consider a random walk desribed by transition kernel
P on a metric space M.

o For any pair of points (Xo, Yo) satisfying d(Xo, Yo) < € consider pair
of random variables (X, Y') obtained form applying one step of walk
to (Xo, Yo)

@ Choose so called coupling, i.e. a joint distribution, whose marginals
are equal to distributions of X and Y.

@ Suppose that
Ed(X,Y) < nd(Xo, Yo) + O(e)

where E is average over the joint distribution.
Then for arbitrary measures i, v the walk converges as

||uP* — vP¥|| < n*
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Convergence to Haar measure - outline of proof

Using path coupling - three qubits

In our case the role of (Xp, Yo) is played by two unitaries (Wi, W5). We
apply one step of random walk on three qubits (N = 3)

Wl —
U1o Wy with prob. 1/2
Uxs Wy with prob. 1/2

W2 —
Ui, W, with prob. 1/2
Uj3Wa  with prob. 1/2

@ Trivial coupling: we take
u=U
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Convergence to Haar measure - outline of proof

Using path coupling - three qubits

In our case the role of (Xp, Yo) is played by two unitaries (Wi, W5). We
apply one step of random walk on three qubits (N = 3)

Wl - W1 —
U1o Wy with prob. 1/2 Uin Via Wy
Uos Wy with prob. 1/2 Uxs Vs Wy
W2 - W2 —
U{Z W, with prob. 1/2 U W,
U£3 W5 with prob. 1/2 Uxs W)
@ Trivial coupling: we take @ Nontrivial coupling given by
u=Uv %4
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Since W, and W, are close, we introduce W; W; = gieF
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Since W, and W, are close, we introduce W; W; = e'“F and need to get:

E(||Wh — Wal]?) < nl|Wy — Wal|?
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Since W, and W, are close, we introduce W; W; = e'“F and need to get:
E(|[Wh — Wa|?) < nl|ws — Ws||?

We compute:
||W]_ — W2H2 ~ €2tI‘(F2)
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Since W, and W, are close, we introduce W; W; = e'“F and need to get:
E(|| Wy — Wal?) < n[Wa — Ws||?
We compute:
||W]_ — W2H2 ~ €2tI‘(F2)
- - 1
E(| Wi — Wa|?) = [tr(F?) — g(tr(Ffz) + tr(F3))]

Here Fip = tr3(F), and d = 2% is the dimension of the Hilbert space of 3
qubits.
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Since W, and W, are close, we introduce W; W; = e'“F and need to get:
E(|| Wy — Wal?) < n[Wa — Ws||?
We compute:
||W]_ — W2H2 ~ €2tI‘(F2)
- - 1
E(| Wi — Wa|?) = [tr(F?) — g(tr(Ffz) + tr(F3))]

Here Fip = tr3(F), and d = 2% is the dimension of the Hilbert space of 3
qubits. (we have optimized over choice of coupling Vi and Vas3.)
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Since W, and W, are close, we introduce W; W; = e'“F and need to get:

E(||Wh — Wall?) <nliwa — WalP?
We compute:
||W]_ — W2H2 ~ €2tI‘(F2)
= = 1
E(|[Wi — Wal[?) = € [tr(F?) — o= (te(Fi) + tr(F23))]

Here Fip = tr3(F), and d = 2% is the dimension of the Hilbert space of 3
qubits. (we have optimized over choice of coupling Vi and Vas3.)

For points Wi ad W, such that e.g. F1o = Fo3 =0, we get n = 1. In
some directions there is no contraction.
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Consider two steps of walk:
@ after first step, some directions are not conctracted
@ such a stable direction” will be smeared in next step.
= with a finite probability we will always end up in contracting
directions
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Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Consider two steps of walk:
@ after first step, some directions are not conctracted
@ such a stable direction” will be smeared in next step.
= with a finite probability we will always end up in contracting
directions

Wy — U, UpWy
U3 Uin Wi
U, Uz Wiy
Uss Uz Wy

o U is first step, U’ is second step.
o trivial copuling - the same U and U’
applied to W5.



Convergence to Haar measure - outline of proof

Path coupling method - three qubits

Consider two steps of walk:
@ after first step, some directions are not conctracted
@ such a stable direction” will be smeared in next step.
= with a finite probability we will always end up in contracting
directions

Wl — U]/_2 U12 W]. Wl — U]/_Z U12 Wl

!
U33 Uiz Uss Voz Ui Wy
U}2 Uz Ugp V1o Uas Wi
Vsl Usa Uss Wi

o U is first step, U’ is second step.

o trivial copuling - the same U and U’ ¢ !\Iontr|V|a| coupling
. introduced by V.
applied to W5.
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@ We have applied techniques for estimation of a gap of many-body
Hamiltonians to obtain rate of convergence of random circuit to
t-designs

Michat Horodecki Convergence of random quantum circuits to approximate t-designs and to Haz



Summary

Summary

@ We have applied techniques for estimation of a gap of many-body
Hamiltonians to obtain rate of convergence of random circuit to
t-designs

o Obtained

o bounds for a gap in the case of t =2 and t = 3 (using easy tools -
Knabe estimate for gap)
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Hamiltonians to obtain rate of convergence of random circuit to
t-designs

o Obtained

o bounds for a gap in the case of t =2 and t = 3 (using easy tools -
Knabe estimate for gap)

o ugly bounds for general t: Gap ~ (tlog t)*'°8* (using more advanced
tools - Nachtergaele estimate)
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Michat Horodecki Convergence of random quantum circuits to approximate t-designs and to Haz



Summary

Summary

@ We have applied techniques for estimation of a gap of many-body
Hamiltonians to obtain rate of convergence of random circuit to
t-designs
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o bounds for a gap in the case of t =2 and t = 3 (using easy tools -
Knabe estimate for gap)

o ugly bounds for general t: Gap ~ (tlog t)*'°8* (using more advanced
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o Applied path coupling techniques (R. Oliveira) to the problem of
convergence of random ciruit to Haar measure.

@ Found that an n-qubit random quantum circuit converges
exponentially fast to Haar measure n <1 — #
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w
Open issues

@ provide a lower bound for
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Summary

Summary

@ We have applied techniques for estimation of a gap of many-body
Hamiltonians to obtain rate of convergence of random circuit to
t-designs

o Obtained

o bounds for a gap in the case of t =2 and t = 3 (using easy tools -
Knabe estimate for gap)

o ugly bounds for general t: Gap ~ (tlog t)*'°8* (using more advanced
tools - Nachtergaele estimate)

o Applied path coupling techniques (R. Oliveira) to the problem of
convergence of random ciruit to Haar measure.

@ Found that an n-qubit random quantum circuit converges
exponentially fast to Haar measure n <1 — #

w
Open issues

@ provide a lower bound for
o prove/disprove a conjecture that ¢(t) is polynomial in t.
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