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E. Zeumero. Neuer Beweis fiir die Wohlordnung.

Neuer Beweis fiir die Moglichkeit einer Wohlordnung.

Yon

E. ZermeLo in Gdttingen.

—————

Obwohl ich meinen im Jahre 1904 veriffentlichten ,Beweis, daB jede
Menge wohlgeordnet werden kann“¥) gegeniiber den verschiedenén im
§ 2 ausfithrlich zu besprechenden Einwendungen noch heute vollkommen
aufrecht erhalte, diirfte doch der hier folgende neue Beweis desselben
Theorems nicht ohne Interesse sein, da er einerseits keine speziellen
Lehrsitze der Mengentheorie voraussetzt, andererseits aber den rein
formalen Charakter der Wohlordnung, die mit rdumlich-zeitlicher Anord-
nung gar nichts zu tun hat, deutlicher als der erste Beweis hervortreten lat.




Axiom of choice
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Sur la décomposition des ensembles de points en
parties respectivement congruentes.
Par

St. Banach (Lwdéw) et A. Tarski (Varsovie).

Nous étodions dans ceite Note les notions de I'équivalence des
ensembles de points par décomposition finie, resp. dénombrable. Deux
ensembles de points situés dans un espace métrique sont difs équi-
valents par décomposition finie (ou dénombrable), lorsqu'ils pevvent
étre décomposés en un nombre fini et égal (ou ume infinité dénom-
brable) de parties disjointes respectivement congruentes.

Les principaux résultats contenus dans le présent article sont
les suivants:

Dans un espace euclidien & n z> 3 dimensions deux ensembles arbi-
fraires, bornés ef contenant des points intérieurs (p. ex. deux sphéres
& rayons différents), sont équivalents par décomposition finie.

Un théoréme analogue subsiste pour les ensembles situés sur la
surface d'une sphére; mais le théoréme correspondant concernant ['es-
pace euclidien & 1 ou 2 dimensions est faur.

D’autre part:

Dans un espace euclidien & n2> 1 dimensions. deuz ensembles arbi-
traires (bornés ou non), contenant des points intérieures, sont dquiva-
lents par décomposition dénombrable.

La démonstration des théordmes préeédents s'appuie sur les résul-
tats de MM. Hausdorff, Vitali et Banach?), qui concernent
le probléme général de mesure; elle fait donc usage de laxiome

i) F. Hausdorff, Grundzige der ﬂi’mgmlshﬂ, Leipzig 1914, p. 401 et 469.
G. Vitali, Sul problema della mesura dei gruppi di punit di una retia,
Bologna 1905.
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INTUITIONISM AND FORMALISM

DR. L. E. J. BROUWER

The subject for which I am asking yvour attention deals with the foundations of
mathematics. To understand the development of the opposing theories existing in
this field one must first gain a clear understanding of the concept “science”; for it
is as a part of science that mathematics originally took its place in human thought.

By science we mean the systematic cataloguing by means of laws of nature of
causal sequences of phenomena, 1. e., sequences of phenomena which for individual
or social purposes it is convenient to consider as repeating themselves identically,—
and more particularly of such causal sequences as are of importance in social rela-
tions.

That science lends such great power to man in his action upon nature is due to
the fact that the steadily improving cataloguing of ever more causal sequences of
phenomena gives greater and greater possibility of bringing about desired phenom-
ena, difficult or impossible to evoke directly, by evoking other phenomena connected
with the first by causal sequences. And that man always and everywhere creates
order in nature is due to the fact that he not only isolates the causal sequences



Paul Erdos

 Born: 26 March 1913
in Budapest, Hungary

* Died: 20 Sept 1996 in
Warsaw, Poland




SOME REMARKS ON THE THEORY OF GRAPHS
P. ERD{S

The present note consists of some remarks on graphs. A graph G
is a set of points some of which are connected by edges. We assume
here that no two points are connected by more than one edge. The
complementary graph G’ of G has the same vertices as G and two
points are connected in G’ if and only if they are not connected in G.

A special case of a theorem of Ramsey can be stated in graph theo-
retic language as follows:

There exists a function f(k, I) of positive integers &, I with the fol-
lowing property. Let there be given a graph & of n=f(k, I) vertices.
Then either G contains a complete graph of order &, or G* a complete
graph of order I. (A complete graph is a graph any two vertices of
which are connected. The order of a complete graph is the number of
its vertices.)

It would be desirable to have a formula for f(k, I). This at present
we can not do. We have however the following estimates:

THEOREM 1. Let k= 3. Then
282 & f(k, k) £ Corg,p < 451,

The second inequality of Theorem I was proved by Szekeres,! thus
we only consider the first one. Let N =2%% Clearly the number of
different graphs of N vertices equals 2V W=112, (We consider the ver-
tices of the graph as distinguishable.)] The number of different
graphs containing a given complete graph of order & is clearly
INN=D/2/Pe=1/2 Thus the number of graphs of N=2%? vertices
containing a complete graph of order k is less than

PN N=1}/2 NII PN (N=—1)[2 ANN—1)/2
f4% el -

-




Ramsey number R(Kk,K) is
the least natural number n such
that for an arbitrary 2-coloring of
the edges of a complete graph with
n vertices, contains a k-vertice
monochromatic subgraph.

Frank Plumpton Ramsey 1n 1929 proved that for arbitrary natural
number  k the value of R(k)k) 1sfimite. = However, how
to find 1t?
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Theorem (Erdés, 1947)If k > 3, then R(k, k) > |27].

Proof. We can choose & out of n vertices in the graph in ﬁl_ﬂ,
WaYS.

An edge coloring of the graph with n vertices is performed at
random. The probability of a fixed graph with k& vertices to be

. _k{k=1) A
monochromatic equals 2'~—7 . Hence the probability to have no

monochromatic subgraph with & vertices does not exceed

n! 1 ke ik =1)
—

El(n — k).

If we take n = |2 frJ, then this probability is strictly less than 1.
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Theorem (Martin-Lof, 1966) ‘“Nearly all” binary sequences of
infinite length are such that Kolmogorov complexity of every its
initial fragment of the length n 1sno lessthan n-log,n and
for infinitely many 1nitial fragments Kolmogorov complexity 1s no
less than n -log,log, n.



Theorem (J.Barzdins, 1968). Kolmogorov complexity of

A e 4

arbitrary recursively enumerable set L does not exceed log, n

His means that for arbitrary r.e. set L and arbitrary natural
number n there exists a program whose length does not exceed
log, n bits, and this program can output a word s;s,s;..s of
length n bits where |
(1, ifiel,
= 1
[ 0,if ieL.



Theorem. Under assumption of Artin’s Conjecture there exists an infinite se-
quence of regular languages L, Lo, L3, ... in a 2-letter alphabet and an infinite
sequence of positive integers z(1), z(2), z(3), . .. such that for arbitrary j:

. there is a pl‘ObElblll%th reversible automaton with z(j) states recognizing L,
with the probability 2 36

2. any deterministic finite automaton recognizing L; has at least (21/ 4)*"’ () =
= (1.1892071115 . ..)*\9) states,

Theorem. Even without assumption of Artin’s Conjecture there exists an
infinite sequence of regular languages L, Lo, L3, ... in a 2-letter alphabet
and an infinite sequence of positive integers z(1), z(2), z(3),. .. such that
for arbitrary j:

(a) there is a probabilistic reverqlble automaton with z(j) states recogniz-
ing L; with the probability 2 135 %r ,

(b) any deterministic finite automaton recognizing L; has at least (7T L4) 2(7)
— (1.1149116725 . ..)*\9) states,
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Definition. We say that a finite automaton recognizes the
language L with a nonconstructivity  g(n) , if for arbitrary
natural number n there 1s a word y of length not exceeding g(n)
such that for all input words x of length not exceeding n the

automaton working on the pair (X,y) produces a correct result
on X being or not beingin L.



Theorem. There exists a nonrecursive language L ,which can

rarnncanrirad 1k £

be 1cuugumcu ya Lli‘ﬂte d 1 with a nonconstr uulvuy n .

Proof. An infinite nonrecursive sequence of bits
a,a,a,a,4, ..

The language 1s “input word 1s an initial fragment of the

sequence”

Theorem. There exists a nonrecursive language L ,which can
be recognized by a finite automaton with a nonconstructivity n
but cannot be recognized with a nonconstructivity n — h(n) , where
h(n) grows to infinity.

Proof. The sequence 1s a Martin-Lof sequence.



Consider a language L consisting of words
Om10m10m]...10m

with m arrays of zeros

Theorem. The language L is not regular but 1t can be recognized by
a finite automaton with nonconstructivity = n'2.



R. Karp and R. Lipton have introduced
in a notion Turing machine that takes
advice which 1s in fact a usage of a non-
constructive help from outside in a pro-
cess of computation. Later C. Damm
and M. Holzer have adapted this no-
tion of advice for finite automata. A
slightly different definition was used by
Freivalds. It turns out that for some lan-
guages this nonconstructive help can bring
zero Information about the input word’s
being or not being in the language con-
sidered. Is 1t equivalent to the automa-
ton’s being a probabilistic automaton?
We will see that it is not.



What 1s a random sequence of bits?
Martin-Lotf’s original definition of a ran-
dom sequence was in terms of construc-
tive null covers; he defined a sequence
to be random 1if 1t is not contained in
any such cover. Leonid Levin and Claus-
Peter Schnorr proved a characterization
in terms of Kolmogorov complexity: a
sequence 1s random 1f there 1s a uni-
form bound on the compressibility of
its initial segments. An infinite sequence
> 1s Martin-Lof random if and only if
there 1s a constant ¢ such that all of
S’s finite prefixes are c-incompressible.
Schnorr gave a third equivalent defini-
tion in terms of martingales (a type of

betting strategy).



Theorem. (1)The language
L ={{x2z | x€{0,1}"}

cannot be recognized with a bounded
error by a probabilistic 2-way finite au-
tomaton.

(2) The language L can be recognized
by a deterministic non-writing 2-tape fi-
nite automaton one tape of which con-
tains the input word, and the other tape
contains an infinite Martin-Lof random
sequence, the automaton is 2-way on ev-
ery tape, and 1t stops producing a the
correct result in a finite number of steps
for arbitrary mput word.



Proof. (2) Let the input word be x(r)2z(s)
where r and s are the lengths of the cor-
responding words. At first, the 2-tape
automaton finds a fragment 01111 - --
which has the length at least r» and uses
1t as a counter to test whether » = s.
Then the automaton searches for an-
other help-word. It the help-word turns
out to be y then the automaton tests

whether z(r) = y and whether
z(s) = v.



Definition. A 2-infinite sequence of
bits is a sequence {a; } where ¢ € (—00, 00)
and all a; € {0,1}.

Definition. We say that a 2-infinite
sequence of bits 1s Martin-Lot random
if for arbitrary ¢ € (—o0,00) the se-
quence {b,} where b, = a;, for all
1 € N 18 Martin-Lof random, and the
sequence {c,} where ¢, = a,_, for all
v € N i1s Martin-Lot random.



Definition. A deterministic finite automaton with
intuition is a deterministic non-writing 2-tape finite
automaton one tape of which contains the input word,
and the other tape contains a 2-infinite Martin-Lof
random sequence, the automaton is 2-way on every
tape, and it stops producing a the correct result in a
finite number of steps for arbitrary input word. Ad-
ditionally it is demanded that the head of the au-
tomaton never goes beyond the markers showing the
beginning and the end of the input word.



Theorem. The unary language PERFECT SQUARES=
= {1" | (3m)(n = m?)} can be recognized by a deter-

ministic finite automaton with intuition.

Proof. It is well-known that
1+3+5+---+(2n—1) =n

The deterministic automaton with intuition searches
for a help-word (being a fragment of the given 2-
infinite Martin-L6f sequence) of a help-word

00101110111110---01%100.

At first, the input word is used as a counter to test
whether each substring of 1’s is exactly 2 symbols
longer than the preceding one. Then the help-word
is used to test whether the length of the input word

coinsides with the number of 1’s in the help-word.



Theorem. The relation

SQUARE ROOTS = {(1",1™) | (n = m?)}

can be computed by a deterministic finite-

state transducer with mmtuition.



Theorem. The unary language PERFECT CUBES=
= {1" | (Im)(n = m?®)} can be recognized by a deterministic
finite automaton with intuition.

Proof. In a similar manner the formula
1+3n—=1)+3n-1)>*=n’
suggests a help-word

000[1]00[101110111]00[101111110111111111111]00- - -00[101*~*01"~ 1’000

where symbols [,]| are invisible. At first, the input word is used
as a counter to test whether the help-word is correct but not
whether its length is sufficient. Then the help-word is used to
test whether the length of the input word coinsides with the

number of 1’s in the help-word.



Theorem. The relation

CUBE ROOTS = {(1",1™) | (n = m?®)}

can be computed by a deterministic finite-

state transducer with mtuition.



Theorem. The unary language PRIMES=
= {1" | n is prime} can be recognized
by a deterministic finite automaton with
intuition.



Theorem. The relation
FACTORISATION =

= {(1",1™) | (m divides nAm # 1)V(m = 1 if m is prime)}
can be computed by a deterministic finite-

state transducer with mtuition.



We define a language UNARY 3-SAT
as tollows. The term term; = zp 1S
coded as [term;] being 21%, the term
terms = —xy is coded as [terms]| being
31%, the subformula f being (term; V
terms V terms) is coded as [f| being
termy| V [termg|V [terms|. The CN F
being f1 A fo A --- A f,, 18 coded as

S A A Nl
Theorem. The language UNARY 3-

SAT can be enumerated by a determin-
1stic finite automaton with intuition.




Theorem. Every L € NP isreducible
by a deterministic [og-space bounded
Turing machine to a language L' such
that L’ is enumerable by a determinis-
tic finite automaton with intuition.

Proof. 3-SAT is N P-complete. Hence
L 1s reducible by a deterministic [og-
space bounded Turing machine to 3-SAT.
The language 3-SAT is reducible by a
deterministic [log-space bounded Turing

machine to UNARY 3—SAT'. The lan-
guage UNARY 3-SAT is enumerable by

a deterministic finite automaton B with
1ntuition.



We define a relation UNARY 3-SATISFIABILITY as
follows. The term term; = z; is coded as [term,]| being

21% the term termsy = -z} is coded as [terms] being 31*,
the subformula f being (term, V termsy V terms) is coded
as | f] being [termy] V [terms] V [termg]. The C'N F being
fihfoN--- A fis coded as [fi] A[fa] A -+ A [fim]. The
string of the values 1 = a1, 22 = a2, -+, x, = a, is coded
as ajas -+ -an. The relation UNARY 3-SATISFIABILITY
consists of all the pairs (CNF,ajas - - -a,) such that the

given CNF with these values of the arguments takes the
value TRUE.

Theorem 1. The relation UNARY 3-SATISFIABILITY
can be computed by a deterministic fimte-state transducer
with intuition.



Theorem. If a language L 1s recog-
nizable by a nondeterministic finite au-
tomaton with intuition then

Le NPNco— NP.

Theorem. Every language enumer-
able by a deterministic finite automaton
with intuition is also recognizable by a

nondeterministic finite automaton with
intuition if and only it P =




Theorem. If a language L is recog-
nizable by a nondeterministic finite au-
tomaton with intuition then L is also
recognizable by a deterministic finite au-
tomaton with intuition.

Theorem. Every language enumer-
able by a deterministic finite automaton
with intuition is also recognizable by a

deterministic finite automaton with n-
tuition if and only it P = NP.
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