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1. BASIC DEFINITIONS

1.1 Nearlattices and nearsemilattices

A nearlattice is usually defined as a meet semilattice in which
every initial segment is a lattice.

Equivalently, it is a semilattice possessing the upper bound prop-
erty.

(every pair of elements having an upper bound has a least upper bound)

By definition, a nearsemilattice is a poset possessing the upper
bound property.
[A poset in which every initial segment is a join semilattice is a

structure.]

Every (semi)lattice is a near(semi)lattice.



In any poset, we shall write a (‘) b to mean " the join of a and b
exists’ , and call such elements compatible.

In a nearsemilattice, this is the case if and only if the elements
a and b have a common upper bound.

We assume that a near(semi)lattice has the least element 0, and
consider it as a partial algebra (A,V,0), resp. (A, V,A,0).



1.2 Orthomodular posets and lattices
Let A be a poset with the least element O.

A binary relation L on A is an orthogonality if it satisfies the
following conditions:

- if x Ly, then y L z,

- if e <y and y L z, then x L =,

- x 1 0.

A unary operation L on A is an othocomplementation if it satis-
fies the following conditions:

e x,

. if ¢ <y, then y+ < 21,

cx ANzt =0 (then also x vy L=1).

An orthoposet is a poset equipped with an othocomplementa-
tion.



In an orthocomplemented poset, the relation L defined by
x Ly iff y < zt

IS an orthogonality.

Conversely, if L is an orthogonality on a poset A and,

for every z, there is the largest element z+ orthogonal to z,
then the operation L is an orthocomplementation.

An orthoposet is said to be orthomodular if
- if « | y, then x Vv y exists,
- if x <y, then y =22V z for some z with = L z.

A lattice ordered orthomodular poset is called an orthomodular
lattice.

A generalized orthomodular poset is a poset B which is an order
ideal of an orthomodular poset A and satisfies the conditions

. for every z € A, either x € B or 2z € B,

- for all z,y € B, their join in B is also their join in A.



1.3 Orthogonality on a nearsemilattice

An orthonearsemilattice is a nearsemilattice equipped with or-
thogonality such that

- if x Ly, then «x C|>y,

- if « <y, then y =2V z for some y with = 1 z,

- ifely, Ll zandxVy=axVz then y=z.

A nearsemilattice is said to be orthomodular if it is an ortho-
nearsemilattice in which
+ifz Ly, zLzandy Lz thenz LyVz.

Any upper_semilattice_ordered orthomodular poset is
an orthomodular nearsemilattice in this sense.
Any orthomodular lattice is an orthomodular nearlattice.



In an orthonearsemilattice,
« if x L o, then x = 0.

In an orthomodular nearsemilattice,
- if x (|)y, then x L yVvziff x Ly and xz L z,
- every finite subset of mutually orthogonal elements has a join.
« every initial segment of an orthonearsemilattice is
an orthomodular lattice.



1.4 Generalized orthoalgebras

A generalized orthoalgebra is a system (A, ®,0), where
- P is a partial binary operation and
« 0 is a nullary operation on A,
satisfying the conditions (we write here, for arbitrary terms s and
t, s Lt to mean that s@t is defined):
ife Ly, theny lzand Py =y P,
ife Lyand Py L z, then
ylzzrzlydzand (zdy) Dz=x2D (yD 2),
x 1 0and &0 =z,
ifely, xLzandzdy=x® z, then y =z,
« if x L o, then x = 0.



The relation < defined on a generalized orthoalgebra by
x <y ifand only if y=x @ z for some z with =z | z
is the natural ordering of A.

In a generalized orthoalgebra,
- the relation L is an orthogonality,
- x @y is a minimal upper bound of x and y.

An orthoalgebra is a generalized orthoalgebra with the largest
element.

Thus, every initial segment of a generalized orthoalgebra is an
orthoalgebra.



2. EXAMPLES

2.1 Nearlattices of sets

A collection S of subsets of some set X is a nearlattice if it is
closed under N, contains ¥ and satisfies the condition

if K, LM &S and KUL C M, then KUL € S.
Every initial segment of this nearlattice is a Boolean lattice.

If K 1 L is defined by KNL = g, then S becomes an orthomod-
ular orthonearlattice.

In particular, if =~ is a tolerance relation on X, call a subset
K C X coherent if elements of K are mutually tolerant.

The set of all coherent subsets of X is a nearlattice of sets.
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2.2 Nearlattices of functions

Let I and V be non-empty sets, and let PF(I,V) be the the set
of all partial functions I — V/, including the empty function .
Then (PF,U,N, ) is a nearlattice (of sets).

More generally, a functional nearlattice is any nearlattice (A,U,N, \),
where F' is a subset of PF. It is said to be closed if it is closed
under all unions existing in PF.

However, 1 is defined in PF by
@ L ¢ iff domepndomy = &.
Then PF becomes
- an orthomodular nearlattice,
« 2 generalized orthoalgebra with & defined by
PP :=pUy for ¢ L .
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2.3 Random variables [S.Gudder, 2006]

(2, A, ) a probability space
M(A) the set of random variables on 2
(the set of measurable functions 2 — R)

supp f  {w e Q2 f(w) # 0}

fLlg fg=0 (suppfnNsuppg=9)
J©g f+gfor flg
f=g g= f@®h for some h

(supp f C suppg and f|supp f = g|supp f)

Results [G]:
- M(A) is a generalized orthoalgebra, with < the natural order.

- M(A) is a nearlattice (with zero function 0 as the least element),
- every initial segment of M(A) is a Boolean algebra.
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[P&V]:
- M(A) is a generalized orthomodular poset.

[Cl:
M (A) is isomorphic to a closed functional nearlattice in PF(£2,Rp).
Ro =R~ {O}
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2.4 Operators on a Hilbert space [Gudder, 2006]

H a Hilbert space
O, 1 the zero and identity operators on 'H
S(H) the set of bounded selfadjoint operators on ‘H
ran A the closure of the subspace ran A
A1l B AB=0 (ranA 1L ranB)
A B A4+ Bfor ALlB
A=<B B=A&CC for some C
(ranA C ranB and A|ranA = B|ranB)

Results [G]:
- S('H) is a generalized orthoalgebra, with < the natural ordering,
- every initial segment of S(H) is isomorphic to
a certain orthomodular lattice,
« hence, every pair of operators bounded above has a join and
a meet in S(H).

14



[P&V]:
- S(H) is "almost” a generalized orthomodular poset,
- S('H) is a nearlattice: all meets exist.

[C]:

- The conclusion of [G] about existence of joins is right,
- S('H) is an orthomodular nearlattice,

- S('H) is a generalized orthomodular poset.
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3. STRUCTURE OF ORTHONEARLATTICES

Theorem 1
Suppose that A is a nearlsemilattice and that L is a binary

relation on A. The following assertions are equivalent:

(a) A is an orthonearsemilattice with L the requisite orthog-
onality,

(b) every initial segment [0,p] of A is an orthoposet, and
x Ly iff y < azf; for some p.

(x5 is the orthocomplement of z € [0, p])
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Corollary
Every initial segment of an orthonearsemilattice A is an ortho-
modular lattice (with joins and meets as in A).

Corollary
An orthomodular nearsemilattice is a generalized orthomodular
poset.
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Theorem 2
Suppose that (A4,V,0) is a nearsemilattice, and that
1 is a binary relation on A, and
@ is a partial binary relation on A.
The following assertions are equivalent:
(a) (A,V,0, 1) is an orthonearsemilattice, and @ satisfies the
condition
rPdy=zifandonly ifz Ly and z=2xVy.
(b) (A,®,0) is a generalized orthoalgebra (with regard to 1)
and & satisfies the conditions
x < y Is its natural ordering,
if x Ly, then «x C|>y and xVy=zxz®y.
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Corollary
A generalized orthoalgebra possesing the upper bound prop-

erty is an orthonearsemilattice.

Theorem 3
Suppose that A is a poset vith O and that L is a binary relation

on A. The folloing assertions are equivalent:
(a) A is an orthonearsemilattice,
(b) A is a weak commutative BCK-algebra, i.e. it admits a
binary operation — such that
- ifx <y, then z —y < z —z,
Yy —x vy,
«x — 0 =z,
rr—(z—y)=y—(y — o).




