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For all the three types of grids, we can see that by setting 𝑙 = Τ𝑚 ∙ 𝑑 𝑁, the
probability of finding a marked vertex is above 0.5 for the shown interval, that
is, we have Ο 1 success probability. And the number of steps is
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complexity. The same complexity was shown by Ref. [3] for the rectangular
grid by considering up to 6 marked vertices.

Lackadaisical quantum walk (LQW) is a quantum analog of a classical lazy walk,

where each vertex has a self-loop of weight 𝑙. For a regular 𝑁 × 𝑁 2D grid,

LQW can find a single marked vertex with Ο 1 probability in Ο 𝑁 log𝑁

steps using 𝑙 = Τ𝑑 𝑁, where 𝑑 is the degree of the vertices of the grid [1]. For
multiple marked vertices, however, the weight of 𝑙 = Τ𝑑 𝑁 is not optimal as
the success probability decreases with the number of marked vertices [2].
In this work, we numerically study search by LQW for different types of 2D
grids -- triangular, rectangular and honeycomb -- with multiple marked
vertices. We show that in all cases the weight of 𝑙 = Τ𝑚 ∙ 𝑑 𝑁, where 𝑚 is the
number of marked vertices, still leads to Ο 1 success probability.
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When 𝑙 = 0, the LQW reproduces the regular quantum walk, where the

success probability reaches a value of Ο Τ1 log𝑁 at Ο 𝑁 log𝑁 steps for

one marked vertex. And for 𝑙 = Τ𝑑 𝑁, Ref. [1] proved that for a single marked

vertex we obtain Ο 1 success probability in Ο 𝑁 log𝑁 steps.

Consider a two-dimensional (triangular, rectangular, honeycomb) grid of 𝑁
vertices with a self-loop of weight 𝑙 at each vertex and periodic boundary
conditions. Associated with the position of the walker is a 𝑁-dimensional
Hilbert space. The coin subspace is a 𝑑 + 1 -dimensional Hilbert space.
Therefore, the Hilbert space of the quantum walk is ℂ𝑁 ⊗ℂ𝑑+1.

The evolution of the quantum walk is driven by the unitary operator
𝑈 = 𝑆 ∙ 𝐼𝑁 ⊗𝐶 , 

where 𝑆 is the flip-flop shift operator and 𝐶 is the coin operator, given by
the Grover's diffusion transformation

𝐶 = 2ȁ ۧ𝑠𝑐 ൻ ȁ𝑠𝑐 − 𝐼𝑑+1,
where
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To use a quantum walk as a tool for search, we extend the step of the
algorithm by doing

𝑈′ = 𝑈 ∙ 𝑄 ⊗ 𝐼𝑑+1 ,
where 𝑄 is the query transformation which flips the sign at a marked
vertex, irrespective of the coin state.
The initial state is the uniform distribution over vertices and directions:

ۧȁ𝜓(0) = 

𝑥,𝑦=0

𝑁−1

ۧȁ𝑥, 𝑦 ⊗ ȁ ۧ𝑠𝑐
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For example, in the case of the rectangular grid:

ȁ ۧ𝑠𝑐 =
1

4 + 𝑙
ȁ ۧ← + ȁ ۧ→ + ȁ ۧ↑ + ȁ ۧ↓ + 𝑙ȁ ۧ↻

Note that the shift 
operator acts on the 

self loop as  
𝑆ȁ ۧ𝑥, 𝑦,↻ =ȁ ۧ𝑥, 𝑦,↻ .
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In this section we study search for an arbitrary placement of multiple marked
vertices. The presented data is obtained from numerical simulations.
The number of steps of the algorithm is calculated as the smallest time for
which 𝜓(𝑡) 𝜓(0) reaches its minimum (that is, the current state and the
initial state are maximally orthogonal). By doing this, we can observe that the
probability of finding a marked vertex
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has reached (or it is close to) a peak.

We want to find the value for the weight 𝑙 in order to increase the probability
of finding a marked vertex. In the case of one marked vertex the optimal
weight is 𝑙 = Τ𝑑 𝑁. For the multiple marked vertex case we searched for a
better value in the form 𝑙 = Τ𝑎 ∙ 𝑑 𝑁 . We have found out that the value of 𝑎
can be different depending on the placement and number of marked vertices,
but it is close to the value of marked vertices. So we set 𝑎 = 𝑚 for our results.

The following plots shows the average success probability and number of steps
over 100 runs of the algorithm for randomly generated sets of marked vertices.

The lighter blue 
area is the 

confidence band.

Some results for the rectangular 
grid with 𝑎 = 𝑚 were 

previously shown in Ref.[2].


