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Let a = {am : m ∈ N} be a periodic sequence of complex numbers with minimal period q ∈ N.
The periodic zeta-function ζ(s; a), s = σ + it, is defined for σ > 1, by Dirichlet series ζ(s; a) =∑∞

m=1
am

ms , and can be analytically continued to the whole complex plane, except for a possible
simple pole at the point s = 1.

Universality of the function ζ(s; a) was began to study in [1] and [4]. The universality theorem for
ζ(s; a) with multiplicative sequence a was proved in [3]. A new kind of universality of the function
ζ(s; a) with some restriction on compact sets was considered in [2].

In the report, we consider the case when q is a prime number and aq = 1
ϕ(q)

∑q−1
l=1 al, where ϕ(q)

is the Euler function. Let K be the class of compact subsets of the strip D =
{
s ∈ C : 1

2 < σ < 1
}

with connected complements, H(K), K ∈ K, denote the class of continuous functions on K which
are analytic in the interior of K, and let H0(K), K ∈ K, be the subclass of H(K) of non-vanishing
functions on K. We say that ζ(s; a) is universal if the inequality

lim inf
T→∞

1

T
meas

{
τ ∈ [0, T ] : sup

s∈K
|ζ(s+ iτ ; a)− f(s)| < ε

}
> 0

with every ε > 0 is satisfied for all K ∈ K and f(s) ∈ H0(K). If this inequality holds with all K ∈ K
and f(s) ∈ H(K), then ζ(s; a) is called strongly universal. Let χ denote a Dirichlet character modulo

q, and b(q, χ) =
∑q−1

l=1 alχ(l). Then we have the following statement.

Theorem 1. Suppose that the sequence a satisfies at least one of hypotheses: i) am ≡ c, m ∈ N;
ii) am is a multiple of a Dirichlet character modulo q; iii) q = 2; iv) only one number b(q, χ) 6= 0.
Then the function ζ(s; a) is universal.

If at least two numbers b(q, χ) 6= 0, then the function ζ(s; a) is strongly universal.
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[3] A. Laurinčikas and D. Šiaučiūnas. Remarks on the universality of the periodic zeta-functions. Math. Notes, 80
(4):532–538, 2006.

[4] J. Steuding. Value-Distribution of L-functions. Lecture Notes in Math. Vol. 1877. Springer-Verlag, Berlin, Hei-
delberg, 2007.

1


